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DYNAMICAL TWISTS IN GROUP ALGEBRAS
PAVEL ETINGOF AND DMITRI NIKSHYCH
Abstract. We classify dynamical twists in group algebras of finite groups.
Namely, we set up a bijective correspondence between gauge equivalence classes
of dynamical twists (which are solutions of a certain non-linear functional
equation) and isomorphism classes of “dynamical data” described in purely
group theoretical terms. This generalizes the classification of usual twists
obtained by Movshev and Etingof-Gelaki.
1. Introduction
In the last few years, following the pioneering paper [F], the theory of quantum
groups has developed a new branch – the theory of dynamical R-matrices and
dynamical quantum groups (see [ES] for a review). In this theory, there is a useful
notion of a dynamical twist, which was perhaps first introduced in [BBB].
Namely, let H be a Hopf algebra over a field k, and A be a finite Abelian
group of group-like elements of H . A dynamical twist is an A-invariant function
A∗ → H ⊗H , which satisfies a certain nonlinear functional equation (the so-called
dynamical non-abelian 2-cocycle condition), see Definition 2.3.
If A is trivial, a dynamical twist is just an ordinary twist, in the sense of Drinfeld
(see, e.g., [M]). Thus, the notion of a dynamical twist generalizes that of a usual
twist.
The significance of the notion of a dynamical twist consists in the fact that given
a dynamical twist J(λ), one can endow the algebra H⊗Endkk[A] with a nontrivial
structure of a weak Hopf algebra (see [EN]), which is quasitriangular if so is H .
This is done using “twisting” of H by J , which is a procedure analogous to usual
twisting of Hopf algebras. In particular, for a quasitriangular H with the R-matrix
R, the function R(λ) = J−1(λ)21RJ(λ) is a dynamical R-matrix, i.e., it satisfies
the quantum dynamical Yang-Baxter equation (see [ES]).
In this paper we classify dynamical twists in group algebras of finite groups
over an algebraically closed field k of characteristic zero. Since group algebras are
trivially quasitriangular, all such twists give rise to dynamical R-matrices. Our
classification generalizes the classification of usual twists in group algebras, which
was done in [EG], following closely the paper [Mo].
Namely, let A be an abelian subgroup of a finite group G. A dynamical datum
for (G,A) is a subgroup K of G together with a family of irreducible projective
representations of K satisfying a certain coherence condition, see Definition 4.5.
Our main result is the following
Theorem 6.6. There is a bijection between
(i) gauge equivalence classes of dynamical twists, J : A∗ → k[G]⊗ k[G],
(ii) isomorphism classes of dynamical data for (G,A).
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The structure of the paper is as follows.
In Section 2 we recall the definitions of a dynamical twist and dynamical gauge
equivalence.
In Section 3 we use the idea of Movshev [Mo] to associate a family of semisimple
algebras and bimodules with every dynamical twist. Here we also define the notions
of minimal and minimizable dynamical twists.
The concept of a dynamical datum for a pair (G,A) is introduced in Section 4.
The main result of Section 5 is Theorem 5.3 which shows that every dynamical
twist gives rise to an isomorphism class of dynamical data in such a manner that
gauge equivalent twists give the same class of data.
The converse to this theorem is provided in Section 6, where we employ the
exchange construction of [EV] to construct a gauge equivalence class of dynamical
twists from a dynamical datum. The correspondence between classes of twists and
classes of data is shown to be bijective in Theorem 6.6 which is the central result
of this paper. Next, we explicitly construct an example of a dynamical datum
leading to a non-minimizable dynamical twist (Example 6.9) – which is a purely
“dynamical” phenomenon, that does not exist for usual twists. We also explicitly
compute a family of dynamical twists in the group algebra of the group F×p ⋉ Fp
of affine transformations of the line over the field Fp of p elements (Example 6.10).
Finally, in Section 7 we present a construction of minimal dynamical twists in
group algebras of finite nilpotent groups. Our technique here uses the exponential
map for nilpotent Lie algebras over finite fields and a result of Kazhdan [K].
We expect that the methods of this paper can be applied to constructing and
classifying dynamical twists in universal enveloping algebras and, in particular, to
reproving and possibly improving the main result of [X], stating that a splittable
triangular dynamical r-matrix can be quantized. This is a subject of our future
research.
Acknowledgments. We are grateful to R. Guralnick for providing us with Ex-
ample 6.9. The authors were partially supported by the NSF grant DMS-9988796.
The first author’s work was partially done for the Clay Mathematics Institute. The
second author thanks MIT for the hospitality during his visit.
2. Dynamical twists in Hopf algebras
In this section we recall the definition of a dynamical twist [BBB].
Let H be a Hopf algebra and A be a finite Abelian subgroup of the group of
group-like elements of H . Then k[A] = Map(A∗, k) is a commutative and cocom-
mutative Hopf subalgebra of H . Let Pµ, µ ∈ A
∗, be the minimal idempotents in
k[A] corresponding to characters of A.
Definition 2.1. For any left H-module X and character µ ∈ A∗ define a weight
subspace
X [µ] = {x ∈ X | ax = µ(a)x, for all a ∈ A}.(1)
Definition 2.2. We say that an element x ∈ H⊗n, n ≥ 1 has zero weight if x ∈
H⊗n[0], where H⊗n is viewed as a left H-module via the adjoint action; in other
words, if x commutes with ∆n(a) for all a ∈ A, where ∆n : k[A] → k[A]⊗n is the
iterated comultiplication.
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Definition 2.3. Let J(λ) : A∗ → H ⊗H be a zero weight function with invertible
values. We say that J(λ) is a dynamical twist in H if it satisfies the following
functional equations
J12,3(λ)J12(λ − h(3)) = J1,23(λ)J23(λ),(2)
(ε⊗ id)J(λ) = (id⊗ ε)J(λ) = 1.(3)
Here J12,3(λ) = (∆⊗ id)J(λ), J12(λ) = J(λ)⊗ 1 etc. The notation λ± h(i) means
that the argument λ is shifted by the weight of the i-th component, e.g., J(λ−h(3))
is the element of H ⊗ H ⊗ k[A] such that µ3(J(λ − h
(3))) = J(λ − µ), where the
index i in µi indicates that µ is applied to the ith component.
Remark 2.4. There are two other versions of the dynamical twist condition (2) that
appeared in the literature :
J12,3(λ)J12(λ+ h(3)) = J1,23(λ)J23(λ),(4)
J12,3(λ)J12(λ+ h(3)) = J1,23(λ)J23(λ− h(1)).(5)
Note that (2) is obtained from equations (4) and (5) by the changes of variable
λ 7→ −λ and λ 7→ λ+ h(1) + h(2) respectively.
Definition 2.5. If J(λ) is a dynamical twist in H and t(λ) : A∗ → H is a zero
weight function with invertible values such that ε(t(λ)) ≡ 1, then
J t(λ) = ∆(t(λ)−1)J(λ) (t(λ − h(2))⊗ t(λ))(6)
is also a dynamical twist in H , gauge equivalent to J(λ). The function t(λ) is called
a gauge transformation.
Remark 2.6. Note ([ES], Appendix C) that a dynamical twist J(λ) on H is com-
pletely defined by its value J(λ0), at any point λ0 ∈ A
∗. Indeed, from Equation (2)
we have
J(λ0 − µ) = µ3(J
12,3(λ0)
−1J1,23(λ0)J
23(λ0)),(7)
for all µ ∈ A∗.
Remark 2.7. Let H = k[G] be a group Hopf algebra and J ∈ H⊗H be an invertible
element with the properties (ε⊗ id)J = (id⊗ ε)J = 1 and
(J12,3)−1J1,23J23 ∈ k[G]⊗ k[G]⊗ k[A].
Then one can check by a direct computation ([ES], 12.1) that
J(λ) = −λ3((J
12,3)−1J1,23J23).(8)
is a dynamical twists in H .
Remark 2.8. If A = {1} then the definition of dynamical twist coincides with the
usual notion of twist introduced by Drinfeld.
4 PAVEL ETINGOF AND DMITRI NIKSHYCH
Example 2.9. If H = k[A], then H is commutative and can be identified with
the algebra of functions on A∗. Let Pµ, µ ∈ A
∗ be the minimal idempotents of
H . Let c : A∗ × A∗ → k× be any function such that c(λ, 0) = c(0, λ) = 1. Then
J =
∑
µ,ν c(µ, ν)Pµ ⊗ Pν satisfies the conditions of Remark 2.7 and hence
J(λ) =
∑
µ,ν
c(µ+ ν, −λ)−1 c(µ, ν − λ) c(ν, −λ)Pµ ⊗ Pν .(9)
is a dynamical twist. Furthermore, every dynamical twist in k[A] is of this form by
Remarks 2.6 and 2.7.
In fact, it turns out that in this case J(λ) is always gauge equivalent to the
constant twist 1⊗ 1. Namely, consider a gauge transformation
t(λ) =
∑
µ
c(µ,−λ)Pµ, λ ∈ A
∗,(10)
then J(λ) = ∆(t(λ)−1)(t(λ − h(2))⊗ t(λ)).
3. Algebras Bλ associated with a dynamical twist
From now on let H = k[G], the Hopf algebra of a finite group G, then A is a
subgroup of G. Define k[G/A] to be the quotient of k[G] by the left ideal generated
by the elements (a− 1), a ∈ A.
For any λ ∈ A∗ let us define a comultiplication and counit on k[G/A] as follows
∆λ(g) = (g ⊗ g)J(λ), ελ(g) = 1,
for all cosets g ∈ G/A. Note that since J(λ) has zero weight, the above operations
are well-defined.
Proposition 3.1. Cλ = (k[G/A],∆λ, ελ) is a coassociative G-coalgebra (where G
acts via the left multiplication) with counit.
Proof. It follows from the dynamical twist identity (2) that
(∆⊗ id)J(λ)(J(λ) ⊗ 1) = (id⊗∆)J(λ)(1 ⊗ J(λ)) in k[G]⊗ k[G]⊗ k[G/A](11)
which implies coassociativity of ∆λ. The counit axiom is obvious.
Let Bλ be the associative algebra dual to Cλ. Then Bλ can be naturally identified
with the algebra F0[G] of all functions on G invariant under right translations by
elements of A with multiplication given by
f1 ∗λ f2(g) = f1 ⊗ f2((g ⊗ g)J(λ)),(12)
for all f1, f2 ∈ F0(G) and g ∈ G. It is a left G-algebra with the action of G given
by
h ◦ f(g) = f(h−1g),(13)
for all f ∈ F0[G] and h, g ∈ G.
Remark 3.2. If t(λ) is a gauge transformation then coalgebras Cλ and C
t
λ (resp.
algebras Bλ and B
t
λ) corresponding to J(λ) and J
t(λ) are isomorphic via
c 7→ ct(λ), c ∈ Cλ, ( resp. f(g) 7→ f(gt(λ)), f ∈ Bλ, g ∈ G).(14)
The statement and proof of the next Proposition are analogous to ([Mo], 7).
Proposition 3.3. Bλ is a semisimple algebra (equivalently, Cλ is a cosemisimple
coalgebra).
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Proof. Suppose Bλ is not semisimple and let I be the maximal non-zero power
of its radical. Then I is G-stable and for all z1, z2 ∈ I and h1, h2 ∈ G we have
(g1 ◦ z1)(g2 ◦ z2) = 0. The last condition is equivalent to
<∆λ(c), (g1 ◦ z1)⊗ (g2 ◦ z2)> = 0
for all c ∈ Cλ. In particular, we have
<(g1 ⊗ g2)J(λ), z1 ⊗ z2> = <(g1 ⊗ g2)∆λ(1), z1 ⊗ z2> = 0,
but since J(λ) is invertible in k[G]⊗2, the elements (g1 ⊗ g2)J(λ)( mod A) span
k[G/A], so that z1 = z2 = 0, which is a contradiction.
Proposition 3.4. G acts transitively on the set Iλ of minimal two-sided ideals of
Bλ. In particular, all minimal two-sided ideals of Bλ have the same dimension.
Proof. Since Bλ = F0[G] as a G-module, the space of G-invariant elements of Bλ
has dimension 1. For any orbit of G in Iλ the corresponding central idempotent of
Bλ is G-invariant, so there is a single orbit.
For every µ ∈ A∗ consider the space Fµ[G] of all functions on G of weight µ,
Fµ[G] := {f ∈ F [G] | f(ha) = f(h)µ(a), a ∈ A, h ∈ G}.
Proposition 3.5. Fµ[G] is a G-equivariant Bλ−µ −Bλ bimodule via
f ◦ fµ(g) = f ⊗ fµ((g ⊗ g)J(λ)), f ∈ Bλ−µ, fµ ∈ Fµ[G],
fµ ◦ f
′(g) = fµ ⊗ f
′((g ⊗ g)J(λ)), f ′ ∈ Bλ, fµ ∈ Fµ[G].
The actions of Bλ−µ and B
op
λ are faithful.
Proof. First, we check that Fµ[G] is a left Bλ−µ-module and right Bλ-module.
For all f1, f2 ∈ Bλ−µ we have, using the definition of Fµ[G] and dynamical twist
equation (2) :
f1 ◦ (f2 ◦ fµ)(g) = f1 ⊗ f2 ⊗ fµ((g ⊗ g ⊗ g)J
1,23(λ)J23(λ))
= f1 ⊗ f2 ⊗ fµ((g ⊗ g ⊗ g)J
12,3(λ)J12(λ− µ))
= (f1 ∗λ−µ f2) ◦ fµ(g).
Also, for all f ′1, f
′
2 ∈ Bλ we have :
(fµ ◦ f
′
1) ◦ f
′
2(g) = fµ ⊗ f
′
1 ⊗ f
′
2((g ⊗ g ⊗ g)J
12,3(λ)J12(λ))
= fµ ⊗ f
′
1 ⊗ f
′
2((g ⊗ g ⊗ g)J
1,23(λ)J23(λ))
= fµ ◦ (f
′
1 ∗λ f
′
2)(g).
It is immediate from Equation (11) that the actions of Bλ−µ and Bλ commute.
To prove that the action of Bλ−µ is faithful suppose that f ◦ fµ = 0 for some
f ∈ Bλ−µ and all fµ ∈ Fµ[G]. Then J(λ) being invertible implies that f ⊗ fµ is
identically equal to 0 on k[G]⊗2, so that f = 0. The proof for the other action is
completely similar.
Proposition 3.6. All algebras Bλ are isomorphic to each other.
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Proof. By Proposition 3.4 all simple Bλ-modules have the same dimension, which
we will denote dλ.
Suppose dλ > dµ for some λ, µ ∈ A
∗. Let Nµ = dimk F0[G]/d
2
µ be the number
of non-isomorphic simple Bµ-modules and ni, i = 1, . . . , Nµ be the multiplicities
with which they occur in the decomposition of Fµ−λ[G]. By Proposition 3.5 B
op
λ
is isomorphic to a subalgebra of the centralizer Cµ of Bµ in EndkFµ−λ[G]. But
Cµ = ⊕iMni(k), therefore ni ≥ dλ for all i = 1, . . . , Nµ. Then we have
dimk F0[G] =
∑
i
nidµ ≥ Nµdλdµ > Nµd
2
µ = dimk F0[G],
which is a contradiction.
Corollary 3.7. Fµ[G] is isomorphic to the left regular Bλ−µ-module and to the
right regular Bλ-module. In particular, Bλ−µ is naturally identified with the cen-
tralizer of Bopλ in Endk(Fµ[G]).
Proof. In the proof of Proposition 3.6 we must have ni = dµ, i.e., every simple
Bλ-module has the multiplicity equal to its dimension.
Proposition 3.8. For all λ, µ, ν ∈ A∗ the map
βλµν : Fµ[G]⊗Bλ Fν [G]→ Fµ+ν [G]
defined by βλµν(fµ⊗fν)(g) = fµ⊗fν((g⊗g)J(λ+ν)) for all fµ ∈ Fµ[G], fν ∈ Fν [G],
and g ∈ G is an isomorphism of G-equivariant Bλ−µ −Bλ+ν bimodules.
Proof. To show that each βλµν is well-defined, we compute
βλµν(fµ ◦ f ⊗ fν)(g) = fµ ◦ f ⊗ fν((g ⊗ g)J(λ+ ν))
= fµ ⊗ f ⊗ fν((g ⊗ g ⊗ g)J
12,3(λ+ ν)J12(λ))
= fµ ⊗ f ⊗ fν((g ⊗ g ⊗ g)J
1,23(λ+ ν)J23(λ+ ν))
= fµ ⊗ f ◦ fν((g ⊗ g)J(λ+ ν))
= βλµν(fµ ⊗ f ◦ fν)(g)
for all f ∈ Bλ. The third equality above uses Equation (2). It is clear that β
λ
µν
is a G-module homomorphism. To see that it is invertible we first observe that
from Corollary 3.7 we have dimk(Fµ[G] ⊗Bλ Fν [G]) = |G|/|A|, so that the map in
question is between spaces of the same dimension. So it suffices to show that it is
surjective. But the range of βλµν clearly coincides with the range of the map given
by the composition of the right translation by J(λ) (which is surjective since J(λ)
is invertible) and the usual multiplication map Fµ[G]⊗Fν [G]→ Fµ+ν [G] (which is
surjective because there are invertible functions in each Fµ[G]).
Definition 3.9. We say that a dynamical twist J(λ) is minimal if Bλ is a simple
algebra for some (and hence for all) λ ∈ A∗.
Remark 3.10. (i) The property of J(λ) being minimal is invariant under gauge
transformations.
(ii) If K is a subgroup of G containing A and J(λ) : A∗ → k[K]2 is a dynamical
twist, then it is obviously a dynamical twist in k[G] which is minimal if and
only if K = G and J(λ) is minimal in k[K].
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Definition 3.11. A dynamical twist J(λ) in k[G] is said to be minimizable if there
exists a subgroupK of G containing A and a minimal dynamical twist J ′(λ) : A∗ →
k[K]⊗k[K] such that J(λ) is gauge equivalent to J ′(λ), where the latter is regarded
as a dynamical twist in k[G].
As it was shown in [EG], all twists are minimizable if A = {1}. On the contrary,
it is not always the case for A 6= {1}, moreover, it is not always true that A is
conjugate to a subgroup of K, see Example 6.9. Also, J(λ) is not necessarily
minimizable even if A = K, see Example 6.10.
4. Projective representations and dynamical data
Definition 4.1. Let c : G × G → k× be a 2-cocycle on G and V 6= 0 be a vector
space over k. A projective representation of G on V with cocycle (Schur multiplier)
c is a map π : G → GL(V ) such that π(g)π(h) = c(g, h)π(gh). A projective
representation π is linearizable if c is a coboundary and linear if c ≡ 1. It is
irreducible if π(G) generates EndkV as a vector space.
Definition 4.2. A projective isomorphism of two projective representations π :
G → GL(V ) and π′ : G → GL(V ′) is an invertible k-linear map φ : V → V ′ such
that
π′(g) ◦ φ = α(g)φ ◦ π(g), g ∈ G(15)
for some function α : G→ k.
It is clear that α takes values in k× and that it is uniquely defined by φ. The
cocycles of π and π′ differ by the coboundary α(g)α(h)α(gh)−1.
Definition 4.3. We will call α the multiplier function for φ.
Remark 4.4. (a) Every projective representation of G descends to a homomor-
phism G→ PGL(V ) to the projective linear group of V .
(b) Let Vi, i = 1, 2, be projective representations ofG. Then V1⊗V2 is a projective
representation of G in the obvious way. If the cocycles of V1 and V2 are the
same, then V1 ⊕ V2 is also a projective representation of G.
(c) For every 2-cocycle c on G there exists a canonical central extension Ĝ of G
by a subgroup L of k× in which the cocycle c takes values :
1 −→ L −→ Ĝ
p
−→G −→ 1.(16)
Explicitly, the multiplication in Ĝ is given by (g, x)(h, y) = (gh, c(g, h)xy),
for all g, h ∈ G and x, y ∈ L. Any projective representation π : G → GL(V )
with Schur multiplier c canonically lifts to a linear representation π̂ : Ĝ →
GL(V ), via π̂(g, x) = xπ(g). In this linear representation π̂ the elements of
L ⊂ k× act on V by scalar multiplication.
(d) Projectively isomorphic representations of G with the same Schur multiplier
are not necessarily isomorphic as linear representations of Ĝ even for c = 1.
For example, any one-dimensional representation χ : G → k× is projectively
isomorphic to the trivial representation of G.
We are ready to define the main object of this paper.
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Definition 4.5. A dynamical datum for a pair (G,A) consists of a subgroup K of
G and a family of projective irreducible representations πλ : K → GL(Vλ), λ ∈ A
∗,
such that Vλ−µ ⊗ V
∗
λ is linear and
IndGK(Vλ ⊗ V
∗
λ−µ)
∼= IndGA µ(17)
for all λ, µ ∈ A∗.
Remark 4.6. Note that Definition 4.5 in particular implies that the 2-cocycles
(Schur multipliers) of all Vλ’s are equal, so that there is a canonical common central
extension
1 −→ L −→ K̂ −→ K −→ 1,(18)
linearizing all πλ, λ ∈ A
∗.
Proposition 4.7. For any dynamical datum, Vλ and Vµ are non-equivalent repre-
sentations of K̂ for λ 6= µ.
Proof. From Definition 4.5 we have Hom
K̂
(Vλ, Vµ ⊗ X) = X [λ − µ] for any G-
module X (regarded as a K̂-module on which the kernel L acts trivially), where
X [λ] ⊂ X is a weight subspace of X defined in 2.1. Taking the trivial G-module
X = k we get Hom
K̂
(Vλ, Vµ) = 0.
Remark 4.8. Nevertheless, Vλ and Vµ, λ 6= µ, can be projectively isomorphic as
projective representations of K, e.g., when they are 1-dimensional.
Definition 4.9. Let K and K ′ be two subgroups of G. An isomorphism of dy-
namical data (K, {Vλ | λ ∈ A
∗}) and (K ′, {V ′λ | λ ∈ A
∗}) is an element g ∈ G
such that AdgK = K
′, where Adg is the adjoint action of g on G, and a family of
projective isomorphisms φλ : Vλ ∼= V
′
λ, λ ∈ A
∗ of projective representations πλ and
π′λ ◦Adg, having the same multiplier function α(h) = αλ(h), h ∈ K.
Definition 4.10. A dynamical datum is called minimal if K = G.
5. A dynamical datum defined by dynamical twist
In this section for every dynamical twist J(λ) we define an isomorphism class of
dynamical data, cf. Definitions 4.5 and 4.9. We use the notation of Section 3.
Proposition 5.1. Let Iλ be the set of minimal 2-sided ideals of Bλ. There are
isomorphisms of G-sets τλµ : Iλ → Iµ such that τλµ ◦ τµν = τλν .
In other words, we can simultaneously identify all Iλ’s as G-sets, Iλ ∼= I.
Proof. Observe that a decomposition of Fµ−λ[G] into the sum of simple Bµ −Bλ-
bimodules establishes an isomorphisms of G-sets τλµ : Iλ → Iµ. But the relative
tensor product of bimodules Fµ−λ[G] and Fλ−ν [G] is isomorphic to Fµ−ν [G] by
Proposition 3.8, whence the composition rule of τ ’s follows.
Thus, we can canonically identify stabilizers of points of Iλ. Let us fix a point
i ∈ I and let K ⊂ G be the stabilizer subgroup of i and Biλ ⊂ Bλ be the minimal
ideal in Iλ corresponding to i. Let Vλ be a (unique up to an isomorphism) simple
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Biλ-module, then K acts on EndkVλ by automorphisms and we can choose an
irreducible projective representation
πλ : K → GL(Vλ)(19)
such that the action of g ∈ K is given by Adpiλ(g).
Proposition 5.2 (cf. [Mo], 8). Projective representations πλ are irreducible.
Proof. We need to show that the space ofK-invariant elements of Biλ has dimension
1. Any such an element injectively corresponds to a G-invariant element of Bλ,
but the latter is equivalent to k[G/A] as a left G-module, for which the space of
invariants is 1-dimensional.
Observe that the K-equivariant Biµ −B
i
ν bimodule F
i
µν = B
i
µFν−µ[G]B
i
ν is such
that Fν−µ[G] ∼= k[G]⊗k[K] F
i
µν , i.e., Ind
G
KF
i
µν
∼= Ind
G
A(µ− ν).
Theorem 5.3. Every dynamical twist J(λ) : A∗ → k[G] ⊗ k[G] defines an iso-
morphism class of dynamical data. Moreover, any two gauge equivalent dynamical
twists J(λ) and J˜(λ) define the same isomorphism class of data.
Proof. Given a dynamical twist J(λ) fix a point i ∈ I and a subgroup K ⊂ G as
above. Consider the corresponding algebras Biλ and B
i
λ−B
i
µ bimodules F
i
λµ and fix
simple Biλ-modules Vλ := V
i
λ. Let ρλλ : Fλλ → EndkVλ be the isomorphisms iden-
tifying K-algebras and choose bimodule isomorphisms ρλµ : F
i
λµ → Vλ ⊗ V
∗
µ . Let
Shλµ(g) denote the action of g ∈ K on F
i
λµ ⊂ Fµ−λ[G] by shifts, cf. Equation (13).
For every λ choose an irreducible projective representation πλ : K → GL(Vλ) such
that
πλ(g)⊗ π
∗
λ(g)
−1 = ρ−1λλ ◦ Shλλ(g) ◦ ρλλ.(20)
Then for all x ∈ F iλµ, f ∈ B
i
λ, f
′ ∈ Biµ we have
(τλµ ◦ Shλµ(g)
−1 ◦ ρ−1λµ )(πλ(g)⊗ π
∗
µ(g)
−1)(f ◦ x ◦ f ′) =
= f ◦ (ρλµ ◦ Shλµ(g)
−1 ◦ ρ−1λµ ) ◦ (πλ(g)⊗ π
∗
µ(g)
−1)x ◦ f ′,
i.e., (ρλµ ◦ Shλµ(g)
−1 ◦ ρ−1λµ ) ◦ (πλ(g)⊗ π
∗
µ(g)
−1) commutes with the action of Biλ ⊗
(Biµ)
op on F iλµ. Therefore, by Schur’s Lemma,
πλ(g)⊗ π
∗
µ(g)
−1 = γλµ(g)ρ
−1
λµ ◦ Shλµ(g) ◦ ρλµ(21)
for some functions γλµ : K → k
×. By Proposition 3.8, F iλµ ⊗Biµ F
i
µν
∼= F iλν as
K-equivariant bimodules, whence γλµ(g)γµν(g) = γλν(g) for all λ, µ, ν. Replac-
ing πλ(g) by a projectively isomorphic representation π
′
λ(g) = aλ(g)πλ(g), where
aλ(g)
−1aµ(g) = γλµ(g), we obtain a collection of irreducible projective representa-
tions π′λ of K such that Vλ ⊗ V
∗
µ is linear and induces Fµ−λ[G]
∼= Ind
G
A(λ− µ), i.e.,
a dynamical datum for (G,A).
Let us show that gauge equivalent twists define isomorphic dynamical data, for
any choice of projective representations πλ. This will imply, in particular, that the
isomorphism class of a dynamical datum we have constructed above is well defined.
Let J˜(λ) be a dynamical twist in k[G] gauge equivalent to J(λ) via a gauge
transformation t(λ). By Remark 3.2 the map tλ : f(g) 7→ f(gt(λ)) defines an
isomorphism between the corresponding G-algebras Bλ and B˜λ. This establishes
a bijective correspondence between minimal ideals of Biλ and B˜
i
λ of these algebras
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and allows to identify their stabilizers, so we can assume that both J(λ) and J˜(λ)
define the same subgroup K.
Let F˜ iλµ be the corresponding B˜
i
λ−B˜
i
µ bimodules. Fix vector spaces V˜λ := V˜
i
λ and
identify K-algebras B˜iλ and EndkV˜λ. Choose isomorphisms ρ˜λµ : F˜
i
λµ → V˜λ ⊗ V˜
∗
µ
of bimodules, and projective representations π˜λ : K → GL(V˜λ) such that
π˜λ(g)⊗ π˜
∗
λ(g)
−1 = ρ˜−1λλ ◦ S˜hλλ(g) ◦ ρ˜λλ,
where S˜hλλ(g) denotes the action of g on F˜
i
λµ. Arguing as above, we get functions
γ˜λµ(g) and a˜λ(g) such that
π˜λ(g)⊗ π˜
∗
µ(g)
−1 = γ˜λµ(g)ρ˜
−1
λµ ◦ S˜hλµ(g) ◦ ρ˜λµ,(22)
and π˜′λ(g) = a˜λ(g)π˜λ(g) (where a˜λ(g)a˜µ(g)
−1 = γ˜λµ(g)
−1) make V˜λ ⊗ V˜
∗
µ linear.
Isomorphisms between simple K-algebras Biλ and B˜
i
λ yield projective isomor-
phisms φλ (defined up to scaling) between πλ and π˜λ, λ ∈ A
∗:
π˜λ(g) ◦ φλ = αλ(g)φλ ◦ πλ(g), g ∈ K,(23)
for some multipliers αλ : K → k
×.
Comparing Equations (21) and (22) and using (23) we conclude that
γ˜λµ(g)
γλµ(g)
=
αλ(g)
αµ(g)
, g ∈ K.
We have π˜′λ(g) ◦ φλ = α
′
λ(g)φλ ◦ π
′
λ(g), where α
′
λ(g) = αλ(g)
a˜λ(g)
aλ(g)
and
α′λ(g)
α′µ(g)
=
αλ(g)
αµ(g)
a˜λ(g)
a˜µ(g)
aµ(g)
aλ(g)
= 1,
so that all multipliers α′λ are equal, i.e., dynamical data constructed from J(λ) and
J˜(λ) are isomorphic.
Corollary 5.4. The above construction assigns minimal dynamical data to mini-
mal dynamical twists.
Proof. This is clear since Bλ is simple if and only if G = K.
Remark 5.5. It follows from the definition of a dynamical datum that for every
µ ∈ A∗ the weight subspace Fµ[G] can be regarded as the space of functions on G/K
with values in Homk(Vλ, Vλ−µ), or, equivalently, as the space of K-homomorphisms
from k[G] to Homk(Vλ, Vλ−µ), where h ∈ K acts on k[G] by the right multiplication
by h−1 and by conjugation on Homk(Vλ, Vλ−µ).
With this identification the map Fν [G]⊗Bλ−µFµ[G]→ Fν+µ[G] defined in Propo-
sition 3.8 is given by the composition
k[G]→ k[G]⊗ k[G]→ Homk(Vλ−µ, Vλ−µ−ν )⊗Homk(Vλ, Vλ−µ)→
→ Homk(Vλ, Vλ−µ−ν),
(24)
where the first map is the comultiplication g → g ⊗ g, the second uses the above
description of the weight subspaces, and the third is the composition of homomor-
phisms.
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6. Construction of a dynamical twist from dynamical datum
We use the exchange construction that appeared in [EV] (see also [ES]) to pro-
duce a dynamical twist from a dynamical datum for (G,A).
Given a dynamical datum (K, {Vλ | λ ∈ A
∗}) as in Definition 4.5 let K̂ be the
canonical central extension of K linearizing all Vλ. Then every G-module X is also
a K̂-module on which the kernel of the extension (which is a central subgroup of
K̂) acts trivially.
Choose isomorphisms ǫλµ : Vλ ⊗ V
∗
λ−µ
∼= IndGAµ such that for λ = µ the identity
of EndkVλ is mapped to 1. Using the definition of dynamical datum and Frobenius
reciprocity for induced modules we have
Hom
K̂
(Vλ, Vλ−µ ⊗X) ∼= HomK(Vλ ⊗ V
∗
λ−µ, X)
∼= HomG(Ind
G
Aµ,X)
∼= X [µ],
(25)
where the second isomorphism is defined by ǫλµ and the other two isomorphisms
are canonical.
Let us denote Ψ(λ, x) the homomorphism Vλ → Vλ−µ ⊗X determined by x ∈
X [µ] through the above sequence of isomorphisms. Let Y be another G-module
and y ∈ Y [ν], ν ∈ A∗. Then
(Ψ(λ− µ, y)⊗ id) ◦Ψ(λ, x) : Vλ → Vλ−µ−ν ⊗ Y ⊗X(26)
corresponds to a unique element in (Y ⊗X)[µ+ ν]. We introduce a linear operator
JY,X(λ) : Y ⊗X → Y ⊗X by setting
(Ψ(λ− µ, y)⊗ id) ◦Ψ(λ, x) := Ψ(λ, JY,X(λ)(y ⊗ x)).(27)
We will show that the function J(λ) ∈ k[G] ⊗ k[G] defined by this equation is a
dynamical twist for k[G].
Remark 6.1. Note that the above defined J(λ) is related to the composition map
Homk(Vλ−µ, Vλ−µ−ν)⊗Homk(Vλ, Vλ−µ)→ Homk(Vλ, Vλ−µ−ν),
in the following way. Take fµ ∈ Fµ[G], fν ∈ Fν [G]. If we regard Ψ(λ, fµ) as a
K-homomorphism from k[G] to Homk(Vλ, Vλ−µ) (where h ∈ K acts on k[G] as
h · g = gh−1) then
Ψ(λ, J(λ)(fν ⊗ fµ)) = comp(Ψ(λ − µ, fν)⊗Ψ(λ, fµ)) ◦∆,(28)
where ∆ : k[G]→ k[G]⊗k[G] is the comultiplication and comp() is the composition
of homomorphisms (cf. Equation (24)).
Lemma 6.2. J(λ) has zero weight.
Proof. For all G-modules X,Y and elements x ∈ X [µ], y ∈ Y [ν], and a ∈ A we
have :
JY,X(λ)(ay ⊗ ax) = (µ+ ν)(a)JY,X(λ)(y ⊗ x) = (a⊗ a)JY,X(λ)(y ⊗ x),
since JY,X(λ) maps Y [ν]⊗X [µ] to (Y ⊗X)[µ+ ν].
Lemma 6.3 (cf. [Mo]). J(λ) is invertible for all λ ∈ A∗.
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Proof. We need to show that
J(λ) :
⊕
µ
Y [µ− η]⊗X [λ− µ]→ (Y ⊗X)[λ− η]
is surjective for all λ, η ∈ A∗, where X,Y are G-modules. Equivalently, we need to
prove that the composition map⊕
µ
Hom
K̂
(Vλ ⊗X
∗, Vµ)⊗HomK̂(Vµ, Vη ⊗ Y )→ HomK̂(Vλ ⊗X
∗, Vη ⊗ Y )
is surjective. But this follows from the fact that Vη ⊗ Y ∼= ⊕µY [µ − η] ⊗ Vµ as
K̂-modules. Indeed, Hom
K̂
(Vµ, Vη ⊗ Y ) ∼= Y [µ− η] by Equation (25) and V
′
µs are
mutually non-equivalent by Proposition 4.7. Therefore, a copy of ⊕µY [µ− η]⊗ Vµ
is contained in Vη ⊗ Y , and has the same dimension.
Theorem 6.4. J(λ) is a dynamical twist for k[G]. Moreover, two isomorphic dy-
namical data (K, {Vλ | λ ∈ A
∗}) and (K ′, {V ′λ | λ ∈ A
∗}) define the same gauge
equivalence class of dynamical twists.
Proof. We have already seen that J(λ) is an invertible zero weight function, we
need to show that it satisfies the twist properties of Definition 2.3. Let X,Y, Z
be G-modules and x ∈ X [µ], y ∈ Y [ν], z ∈ Z[η]. Consider the composition of
K̂-module homomorphisms
Vλ → Vλ−µ ⊗X → Vλ−µ−ν ⊗ Y ⊗X → Vλ−µ−ν−η ⊗ Z ⊗ Y ⊗X
defined by x, y, z. The associativity law gives two different ways of factorizing it:
(Ψ(λ− µ, JZ,Y (λ− µ)(z ⊗ y))⊗ id) ◦Ψ(λ, x) =
= (Ψ(λ− µ, z)⊗ id) ◦Ψ(λ, JY,X(λ)(y ⊗ x)),
whence we have JZ⊗Y,X(λ)(JZ,Y (λ− µ)⊗ id) = JZ,Y⊗X(λ)(id ⊗ JY,X(λ)), i.e.,
J12,3(λ)J12(λ − h(3)) = J1,23(λ)J23(λ)
for all λ. The counital properties of J(λ) are clear since Ψ(λ, ε) = idVλ .
In proving the gauge equivalence of dynamical twists coming from isomorphic
data we may assume that K = K ′. Let φλ : Vλ → V
′
λ, λ ∈ A
∗ be an isomorphism
between two dynamical data, Ψ(λ, x), Ψ′(λ, x) (x ∈ X [µ]) be associated homomor-
phisms of modules, and J(λ), J ′(λ) the dynamical twists. Define tX(λ) : X → X
by the identity
Ψ′(λ, tX(λ)x) = (φλ−µ ⊗ id) ◦Ψ(λ, x) ◦ φ
−1
λ .
Note that tX(λ) is well defined since all φλ have the same multiplier function, cf.
Definition 4.9. Then tX(λ) is a zero weight function taking invertible values and
satisfying ε(tX(λ)) = 1 since tk(λ) = idk. For any y ∈ Y [ν] we compute
Ψ′(λ, J ′Y,X(λ)(y ⊗ x)) =
= (Ψ′(λ− µ, y)⊗ id) ◦Ψ′(λ, x)
= (φλ−µ−ν ⊗ id) ◦Ψ(λ− µ, tY (λ− µ)y) ◦Ψ(λ, tX(λ)(x)) ◦ φ
−1
λ
= (φλ−µ−ν ⊗ id) ◦Ψ(λ, JY,X(λ)(tY (λ− µ)y ⊗ tX(λ)x) ◦ φ
−1
λ
= Ψ′(λ, tY⊗X(λ)
−1JY,X(λ)(tY (λ− µ)y ⊗ tX(λ)x)),
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therefore J ′Y,X(λ) = tY⊗X(λ)
−1JY,X(λ)(tY (λ− µ)⊗ tX(λ)), and
J ′(λ) = ∆(t(λ))−1J(λ)(t(λ − h(2))⊗ t(λ)),
i.e., J ′(λ) is a gauge transformation of J(λ).
Remark 6.5. One cannot canonically construct a concrete J(λ) from (K, {Vλ}) or
vice versa. It is only possible to assign an equivalence class of dynamical twists to
every (K, {Vλ}) and isomorphism class of data to every J(λ).
Theorem 6.6. The maps D and T between gauge equivalence classes of twists and
isomorphism classes data described by constructions of Section 5 and the beginning
of this Section, respectively,
gauge equivalence
classes of
dynamical twists
J(λ) : A∗ → k[G]⊗ k[G]

D
−→
T
←−

isomorphism
classes of
dynamical data
(K, {Vλ | λ ∈ A
∗})
 ,(29)
are inverses of each other, i.e., define a bijective correspondence between the two
sets involved.
Proof. Let J(λ) be a dynamical twist, (K, {Vλ}) be (a representative of the class
of) dynamical data associated to J(λ), and J˜(λ) be a dynamical twist coming from
the exchange construction for (K, {Vλ}). According to Remarks 5.5 and 6.1 (cf.
Equations (24) and (28)) both J(λ) and J˜(λ) are determined by the map
Fν [G]⊗Bλ−ν Fµ[G]→ Fν+µ[G]
corresponding to the composition
Homk(Vλ−µ, Vλ−µ−ν)⊗Homk(Vλ, Vλ−µ)→ Homk(Vλ, Vλ−µ−ν).
Comparing two G-module isomorphisms HomK(k[G],Homk(Vλ, Vλ−µ)) ∼= Fµ[G]
(the one established in Theorem 5.3, corresponding to the construction of {Vλ} from
J(λ), and the one used in the exchange construction above) we get a zero weight
function with invertible values t(λ) : A∗ → k[G] that implements the corresponding
G-module automorphism
Fµ[G]→ Fµ[G] : f(g) 7→ f(gt(λ)), g ∈ G,
for all λ, and is such that
fν ⊗ fµ((gt(λ − µ)⊗ gt(λ))J˜(λ)) = fν ⊗ fµ((g ⊗ g)J(λ)∆(t(λ))),
for all fν ∈ Fν [G], fµ ∈ Fµ[G]. Therefore J(λ) and J˜(λ) are gauge equivalent, i.e.,
T ◦D = id, in particular T is surjective.
Let us show that T is also injective. Let (K, πλ : K → GL(Vλ)) and (K˜, π˜λ :
K˜ → GL(V˜λ)) be two sets of dynamical data that produce dynamical twists J(λ)
and J˜(λ) gauge equivalent to each other. By Remark 3.2 their G-algebras Bλ and
B˜λ are isomorphic via
f(g) 7→ f(gt(λ)), f ∈ Bλ = F0[G].
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Also, for the corresponding bimodules Fλµ and F˜λµ it follows from the exchange
construction of a dynamical twist in the beginning of this section that there are
canonical isomorphisms of G-modules
Fλµ ∼= (Homk(Vλ, Vλ−µ)⊗ F [G])
K , (resp. F˜λµ ∼= (Homk(V˜λ, V˜λ−µ)⊗ F [G])
K˜),
where K (resp. K˜) acts by right translations on F [G] and in a standard way on the
Hom space, whereas g ∈ G acts on F [G] by the left translation by g−1 and trivially
on the first factor.
For λ = µ this implies that all the matrix blocks of Bλ (resp. B˜λ) are canonicaly
isomorphic to EndkVλ (resp. EndkV˜λ) and form a G-homogeneous space isomorphic
to G/K (resp. G/K˜). Therefore K˜ is conjugate to K and we can assume K˜ = K.
Thus, we have a canonical K-algebra isomorphism tλ : EndkVλ → EndkV˜λ and
so there is a projective isomorphism φλ : Vλ → V˜λ such that Adφλ = tλ. Note that
φλ is defined up to a scalar, therefore its multiplier function αλ(g),
π˜λ(g) ◦ φλ = αλ(g)φλ ◦ πλ(g),
is uniquely defined.
The gauge transformation t(λ) also defines isomorphisms of simpleK-equivariant
bimodules :
tλµ : Fλµ → F˜λµ : f(g) 7→ f(gt(λ)),
where Fλµ, F˜λµ ⊂ Fµλ[G], in particular, tλλ = tλ. As it was observed above,
isomorphisms ρλµ : Fλµ → Vλ ⊗ V
∗
µ and ρ˜λµ : F˜λµ → V˜λ ⊗ V˜
∗
µ of equivariant
K-bimodules are also canonical. By Schur’s Lemma, for fixed λ, µ we have
(φλ ⊗ (φ
∗
µ)
−1) = C ρ˜λµ ◦ tλµ ◦ ρ
−1
λµ ,
for some constant C, whence replacing φλ by Cφλ we get αλ(g) = αµ(g), i.e., the
system {φλ} gives an isomorphism between the dynamical data in question.
Remark 6.7. In the case A = {1} Theorem 6.6 recovers the result of [Mo], [EG],
where usual twists in k[G] (modulo gauge equivalence) were shown to be in bijec-
tion with single irreducible projective representations of subgroups of G (modulo
conjugation).
Corollary 6.8. A dynamical datum is minimal, i.e., G = K, if and only if the
corresponding dynamical twist J(λ) is minimal.
Example 6.9. Here is an example of a dynamical datum that gives rise to a non-
minimizable dynamical twist.
Let f : A2 → A1 be an isomorphism between two abelian subgroups of G which
are not conjugate to one another and such that for any irreducible character λ of
A1 we have Ind
G
A1
λ ∼= IndGA2 f
∗λ. Then taking A = A1, K = A2, Vλ = kλ, and
πλ = f
∗λ, λ ∈ A∗, we get a dynamical datum (K, {Vλ}) that gives rise to a non-
minimizable dynamical twist (since A is not contained in any subgroup conjugate
to K).
Below is an example of such a situation that we learned from R. Guralnick. Take
G = S6, the symmetric group of degree 6, and let A1 and A2 be two non-cyclic
subgroups of order 4 with A1 moving precisely 4 points (in a single orbit) and
A2 having three orbits of size 2, e.g., A1 = {1, (12)(34), (13)(24), (14)(23)} and
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A2 = {1, (12)(34), (34)(56), (12)(56)}. Clearly, A1 and A2 are not conjugate as
they have orbits of different size.
On the other hand, we have IndGA1 1
∼= IndGA2 1 since A1 and A2 intersect each
conjugacy class in G in the same number of elements (namely, the identity and 3
conjugates of (12)(34)). Let λi denote 3 non-trivial irreducible characters of A1.
Note that IndGA1 λi
∼= IndGA1 λj since the three proper subgroups of A1 (and A2) are
conjugate in G. Next,
IndG{1} 1 = Ind
G
A1
(IndA1{1} 1) = Ind
G
A1
1 +
∑
IndGA1 λi
∼= Ind
G
A1
1 + 3 IndGA1 λ,
where λ is any of λi. We have precisely the same equation for A2, and since
IndGA1 1
∼= Ind
G
A2
1 as noted above, this implies that IndGA1 λ
∼= Ind
G
A2
f∗λ.
Example 6.10. Here we describe a general construction of dynamical data with
K = A and compute corresponding dynamical twists in an important concrete
situation. Let A be an abelian subgroup of G and f : A∗ → A∗ be a bijection
(which is not necessarily a group isomorphism). Suppose that for all λ, µ ∈ A∗
the character f(λ) − f(µ) is conjugate to λ − µ via some element g(λ, µ) in the
normalizer N(A) of A, i.e.,
(f(λ)− f(µ))(a) = (λ− µ)(Adg(λ,µ)a), a ∈ A,
where Ad denotes the left adjoint action of G on itself.
Take K = A, Vλ = k, and πλ = f(λ), λ ∈ A
∗. We claim that Df := (K, {Vλ}) is
a dynamical datum for (G,A). Indeed, we have IndGA(λ − µ)
∼= IndGA(f(λ)− f(µ))
since the characters λ− µ and f(λ)− f(µ) are conjugate by g(λ, µ) ∈ G.
Moreover, for any two bijections f1, f2 : A
∗ → K∗ with the above property, the
corresponding data Df1 and Df2 are isomorphic if and only if f1(λ) = Adg f2(λ) +
const, where g ∈ N(A). In particular, Df is isomorphic to the trivial datum (which
corresponds to the constant twist 1⊗ 1) if and only if it defines a minimizable twist
if and only if f(λ) = Adg λ+ const, g ∈ N(A).
Choose elements g(λ, µ) ∈ G and let X be a G-module and x ∈ X [µ]. Define a
corresponding K-module homomorphism by
Ψ(λ, x) : Vλ → Vλ−µ ⊗X : 1 7→ 1⊗ g(λ, λ− µ)
−1x(30)
(note that g(λ, λ− µ)−1 maps X [µ] to X [f(λ)− f(λ− µ)] for all λ, µ ∈ A∗).
Applying the exchange construction we obtain a dynamical twist
J(λ) =
∑
µν∈A∗
g(λ, λ− µ− ν)g(λ − µ, λ− µ− ν)−1Pν ⊗
⊗ g(λ, λ− µ− ν)g(λ, λ− µ)−1Pµ,
(31)
where Pµ =
1
|A|
∑
a∈A∗ µ(a)a is the projection on k[G][µ].
As a concrete example of such a situation consider the group G = GLn(Fp)⋉F
n
p ,
where Fp is the field of p elements and A = F
n
p is regarded as an additive group
on which GLn(Fp) acts by multiplication, and an arbitrary bijection f : A
∗ → A∗
(note that any two non-trivial characters of A are conjugate since GLn(Fp) acts on
(Fnp )
∗\{0} transitively).
We compute dynamical twist (31) when n = 1. In this case G = F×p ⋉Fp, where
F×p acts on A = Fp by multiplication (this G can be thought as the group of affine
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transformations of the line over Fp). Let ζ be a primitive pth root of unity in k
and τ : F ∗p → Fp be the isomorphism given by
λ(a) = ζτ(λ)a, λ ∈ A∗, a ∈ A.
In what follows we suppress τ and identify F ∗p and Fp. For any bijection f : Fp → Fp
define elements of F×p :
g(λ, µ) =
{
f(λ)−f(µ)
λ−µ , if λ 6= µ;
1, otherwise,
(32)
conjugating λ−µ and f(λ)− f(µ) for all λ, µ. Taking these g(λ, µ) and identifying
F ∗p \{0} and Fp\{0} we get an explicit formula for a dynamical twist:
J(λ) =
1
p2
∑
µν∈F∗p , ab∈Fp
ζνa+µb
ν
f(λ− µ)− f(λ− µ− ν)
f(λ)− f(λ− µ− ν)
µ+ ν
a⊗
⊗
µ
f(λ) − f(λ− µ)
f(λ)− f(λ− µ− ν)
µ+ ν
b,
(33)
where the fractions with zero denominators are replaced by 1.
7. A method of constructing dynamical twists for finite nilpotent
groups
Here we describe how to produce dynamical data from nilpotent Lie algebras
over finite fields. Let g0 be a split semisimple Lie algebra over the field F = Fp of p
elements (e.g., sln(Fp)). Consider a nilpotent Lie algebra g = g
0tF [t]/tn+1 defined
by [xti, ytj ] = [x, y]ti+j for all x, y ∈ g0.
Let ĝ = g⊕ F be a non-trivial 1-dimensional central extension of g defined by
[(x, α), (y, β)] = ([x, y], ω(x, y)), x, y ∈ g,
for a 2-cocycle ω : ∧2g→ F defined as follows. Let r ∈ h0 be a regular element, set
ω(xti, ytj) = δi+j,n+1(x, [r, y]), where (, ) is the invariant scalar product in g (it is
straightforward to check that ω is a 2-cocycle).
Suppose that p is big enough so that we do not have to divide by p in the
Campbell-Hausdorff formula
exp(x) exp(y) = exp(x+ y +
1
2
[x, y] + . . . ), x, y ∈ ĝ,(34)
where there are finitely many summands on the right hand side. Then Ĝ = exp ĝ =
{exp(x) | x ∈ ĝ} is a finite nilpotent group. Note that {exp(α) | α ∈ F} is a central
subgroup of Ĝ and that the latter is a central extension of G = exp(g).
The Cartan decomposition of g0 = h0 ⊕ n0+ ⊕ n
0
− yields the following decompo-
sition of ĝ :
ĝ = ĥ⊕ n+ ⊕ n−,(35)
where ĥ = h⊕ F , h = h0tF [t]/tn+1 ⊕ F , and n± = n
0
±tF [t]/t
n+1. For every λ ∈ h∗
let us define a functional φλ ∈ ĝ
∗ by setting
φλ|n+⊕n− = 0, φλ(h) = λ(h), φλ(α) = α,
where h ∈ h, α ∈ F . Let us denote b̂± = n± ⊕ ĥ.
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Lemma 7.1. b̂± are Lie subalgebras of ĝ which are maximal isotropic subspaces
for the alternating bilinear form
bλ(x, y) = φλ([x, y]), x, y ∈ ĝ, λ ∈ h
∗.(36)
Proof. It is clear from the above definitions that b̂± are isotropic subspaces for
bλ. Let us show that they are maximal. The dimension d of a maximal isotropic
subspace of bλ is given by
d = dim ĝ−
1
2
rank bλ = dim ĝ−
1
2
dimOλ,(37)
where Oλ is the orbit of the coadjoint action of ĝ containing λ. We have dimOλ =
dim ĝ− dimSt(φλ), where
St(φλ) = {x ∈ ĝ | Adxφλ = 0}
is the stabilizer of φλ. Clearly, ĥ ⊆ St(φλ). In order to conclude that d = dim b̂±
it suffices to show that St(φλ) = ĥ. Note that St(φλ) is compatible with the
Cartan decomposition of ĝ, so it is enough to prove that n± ∩ St(φλ) = 0. Let
x ∈ n+∩St(φλ), where x = xmt
m+xm+1t
m+1+ · · · with xm 6= 0. Let y = bt
n+1−m,
where b ∈ n− is such that (xm, [r, b]) 6= 0. Then φλ([x, y]) = ω(xm, b) 6= 0, a
contradiction that shows n+ ∩ St(φλ) = 0. One shows that n− ∩ St(φλ) = 0 in a
similar way.
Let B̂±, N±, H, Ĥ be the subgroups of Ĝ corresponding to Lie subalgebras
b̂±, n±, h, ĥ of ĝ, respectively. Clearly, φλ gives rise to the character Xλ of B̂+
(or B̂−) :
Xλ(exp(x)) = ψ ◦ φλ(x), x ∈ B̂±,(38)
where ψ : F → k× is any fixed non-trivial homomorphism. The result of Kazhdan
([K], Proposition 2) together with Lemma 7.1 imply that
Vλ := Ind
Ĝ
B̂+
Xλ ∼= Ind
Ĝ
B̂−
Xλ(39)
is an irreducible representation of Ĝ for every λ ∈ h∗. Since expF acts on Vλ as a
scalar defined by ψ, we have a family of projective irreducible representations of G
parameterized by h∗. Note that since ω is trivial on h we have that Ĥ ∼= H⊕Z/pZ.
Proposition 7.2. {Vλ | λ ∈ h
∗} is a minimal dynamical datum for G.
Proof. Let λ, µ ∈ h∗, Y be a G-module, and kλ denote a 1-dimensional Ĥ-module
determined by Xλ, then we have
Hom
Ĝ
(Vλ ⊗ V
∗
µ , Y )
∼= HomĜ(Ind
Ĝ
B̂+
Xλ ⊗ Ind
Ĝ
B̂−
X−µ, Y )
∼= HomB̂+(kλ ⊗ Ind
Ĝ
B̂−
X−µ, Y )
∼= HomĤ(kλ ⊗ k−µ, Y )
∼= Y [λ− µ],
where the second isomorphism is a consequence of the Frobenius reciprocity and
the third uses that IndĜ
B̂−
Xλ|B̂+
∼= Ind
B̂+
Ĥ
Xλ (which holds since Ĝ = B̂+N−, B̂− =
ĤN−, and Xλ|N− = 1). Therefore, Vλ ⊗ V
∗
µ
∼= IndĜ
Ĥ
Xλ−µ ∼= Ind
G
H Xλ−µ, as
required.
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